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0

Several algorithms have been proposed to generate a polygonal “footprint” to
characterize the shape of a set of points in the plane. One widely-used type
of footprint is the y-shape. Based on the Delaunay triangulation, y-shapes
guaranteed to be simple (Jordan) polygons. This paper presents for the first
time an incremental y-shape algorithm, capable of processing point data
streams. Our incremental x-shape algorithm allows both insertion and deletion
operations, and can handle streaming individual points and multiple point
sets. The experimental results demonstrated that the incremental algorithm
is significantly more efficient than the existing, batch y-shape algorithm for
processing a wide variety of point data streams.

Keywords: incremental algorithm; pattern recognition; footprint; non-convex; x-shape

1. Introduction

The x-shape (Duckham et al. 2008) algorithm is a widely-used, efficient method for
creating potentially non-convex “footprints” that characterize the shape of a set of points
in a plane. The y-shape algorithm is different from other footprints algorithms in that it
is guaranteed to generate simple, regular (Jordan) polygons, i.e., without holes, isolated
points, lines, or disconnected components.

The x-shape algorithm starts with the Delaunay triangulation (DT) of a set of input
points P and iteratively removes the longest exterior edge of the triangulation that does
not cause irregularity. However, because of this method of construction, y-shapes are
more difficult than other footprint algorithms to calculate incrementally. Once an change
occurs in the sequence of removed edges, it can lead to a cascade effect on the removal
order of exterior edges. A change may cause some previously non-removable edges to
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become removable, and some previously removed edges to be become non-removable
and retained in the new y-shape. In turn, these changes may lead to further changes in
exterior edges. As a consequence of this “edge cascade,” even though incremental DT
algorithms have been well-established (Guibas et al. 1992, Lischinski 1994), calculating
x-shape incrementally remains a challenge.

The main contribution of this paper is to solve the “edge cascade” problem in the
x-shape algorithm, and to enable incremental generation of y-shapes. A tree structure
is proposed to represent the x-shape. Then an algorithm is developed to incrementally
generate the updated y-shape by making the minimum number of modifications to the
tree. By only making the necessary changes, which require far fewer operations than
recomputing the y-shape for the entire data set, the incremental algorithm affords
significantly improved computational efficiency. The performance of the incremental
x-shape algorithm is evaluated empirically. The results demonstrate the valuable
properties of the incremental x-shape algorithm to guide usage.

Following a review of the background literature in Section 2, the incremental y-shape
algorithm is described in Section 3. Empirical evaluation experiments are designed in
Section 4 to investigate the efficacy of the incremental y-shape algorithm in different
circumstances. Section 5 discusses the highlights of the incremental x-shape algorithm.
Finally, Section 6 provides the final conclusions.

2. Background

2.1. Motivation

Data sets of spatial points in a plane P C R? are common in many real-life applications,
such as geo-reference social media data (Sakaki et al. 2010, Vieweg et al. 2010, Yates and
Paquette 2011, Crooks et al. 2013), emergency call data (Zhong et al. 2016a), volunteered
geographic information (Goodchild and Glennon 2010, Poser and Dransch 2010, Schade
et al. 2013), and species distribution data (Busby 1991, Guo et al. 2005, Leathwick et al.
2005, Phillips et al. 2006). The points are often observations of spatial regions. Hence
many algorithms have been proposed to reconstruct the spatial regions from the points
by constructing polygonal shapes that characterize the distribution of the points. Such
regions are called “footprints” of P. Non-convex footprints were proposed to handle cases
where the distribution of points is markedly non-convex. In these cases, there can be no
single “best” footprint. Rather, the accuracy of a footprint may depend on the specific
application, or on human cognition and preference. Hence there is a variety of non-convex
footprint algorithms which can be parameterized to generate the desired footprint.

In many cases, the point set P can be large and highly dynamic. For example,
geo-reference social media data is extremely plentiful and generated rapidly (Manovich
2011, Tufekci 2014). Data warehouses are increasingly large and need to process
frequent insertion and deletion operations (Ester et al. 1998). Spatiotemporal data
streams processing often needs to aggregate data tuples in a window (Chandrasekaran
and Franklin 2002, Li et al. 2005). The high-volume and high-velocity nature of
spatiotemporal data streams implies the data tuples in the window can get massive
and change rapidly (Babcock et al. 2002, Motwani et al. 2003, Nittel et al. 2004, Mokbel
et al. 2005). In these cases where a large dynamic set of data frequently includes or
evicts a relatively small set of data, algorithm efficiency can be dramatically improved
if incremental computation is possible. Incremental computation can alleviate the need
to recompute the entire solution at each iteration. Hence, it should be no surprise that
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incremental computation is widely used to mine data warehouses (Ester et al. 1998) and
process spatiotemporal data streams (Acharya and Lee 2014, Mokbel et al. 2005, Unal
et al. 2006, Zhang et al. 2008, 2014, Zhong et al. 2016b).

2.2. Edge cascade

The core challenge faced in designing an incremental x-shape algorithm is the “edge
cascade,” where new points can cause previously retained edges to be removed, or
previously removed edges to be retained. The edge cascade problem also exists for
some other non-convex footprint algorithms. Peethambaran and Muthuganapathy (2015)
proposed a non-parametric approach to non-convex footprints reconstruction. The
algorithm first filters the DT of the input points in a similar fashion to x-shapes and
then reconstructs holes if detected. In the filtering step, the circumradii of the triangles
(instead of edge length in y-shapes) are used to determine the order of edge removal
under the regularity constraint. Hence this approach has the same edge cascade problem
with the y-shape algorithm.

The recursive voids method (Seref and Zobel 2013) finds empty regions within an area
that encloses all input points. The empty regions are detected recursively and stored in a
tree structure. Changes in the input points may influence the detection of empty regions
in the current iteration and sequentially affect the later recursions, which can lead to the
edge cascade.

Garai and Chaudhuri (1999) proposed a “split-isolate-merge” procedure to construct
non-convex footprints. The split step successively inserts extra edges to carve off pieces of
the convex hull of P, based on the k-nearest-neighbor (KNN) of the vertices of the current
polygon. Then the isolation step separates the components in the pattern of P, again
based on kNN of the vertices of the current polygon. Finally, the merge step smooths
the zig-zagged polygon formed in the split and isolation step, according to the angle
between the two edges incident to each vertex and the area of the triangle formed by the
vertices on those two edges. When the set P is changed, the split and isolate steps can
be conducted incrementally using incremental kNN search. However, the merge step can
lead to an edge cascade, because the order in which angles of the polygon are smoothed
matters.

The kNN based method proposed by Moreira and Santos (2007) may also lead
to edge cascades. The kNN based method generalizes the gift-wrapping convex hull
algorithm (Jarvis 1973). At each iteration, the kNN-based algorithm finds the next point
from the ENN of current points, instead of processing the entirety of P used in the
gift-wrapping algorithm. FEach subsequent point produces the largest right-hand turn
from the current point without resulting in self-intersection. Although the kNN of the
points can be searched incrementally, the selection of the next edge depends on the
current edge because of the no-self-intersection constraint. Hence when an edge is changed
due to the updates of P, sequential changes may happen to the later selection of edges.

Parker and Downs (2013) proposed a footprint algorithm based on fuzzy-neighborhood
clustering. The input points are clustered using the Fuzzy-Neighborhood (FN)-DBSCAN
algorithm. The final footprint is formed by the union of the footprint of each cluster,
generated using a contouring method. The edge cascade happens in the clustering process,
which has been solved by Ester et al. (1998).

Unlike y-shapes, some non-convex footprint algorithms do not lead to edge cascade
problems. The a-shape (Edelsbrunner et al. 1983) is another DT-based footprint. A
new DT can be calculated incrementally following insertion or deletion, and the new
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a-shape can be obtained directly by checking the circumradius of triangles that appear
or disappear.

The <f-shape (Melkemi 1997, Melkemi and Djebali 2000) is a Voronoi diagram (VD)
based footprint. The o7-shape firstly takes a set of auxiliary negative points P, (points
that must lie outside the footprint) and calculates the VD of P U P,. Then any pair of
points p,q € P whose Voronoi cells are adjacent to each other and to a common Voronoi
cell of a point in P, are connected, forming the 7/-shape. Similar to the a-shape, once
the new VD is calculated incrementally, the new .27-shape can be determined directly by
checking if the changes in the Voronoi cells create or destroy any new connections between
points. The same principle can also be applied to the DT-based footprint proposed
by Arampatzis et al. (2006) and the VD based footprint proposed by Alani et al. (2001).

Footprints such as the covering disks method (Galton and Duckham 2006), s-shape
and r-shape (Chaudhuri et al. 1997) are constructed by assigning an influence region
to each point and integrating the influenced regions of all points to form the footprint.
When new points join the data set or some points are removed from the data set, an
incremental algorithm needs only consider how the regions associated with these points
affect the footprint. For example, for the covering disks method, the new footprint can be
obtained by three simple steps: 1) calculating the intersection between the regions that
are unassociated with the deleted points and the regions associated with the deleted
points; 2) calculating the intersection between the old footprint and the complement of
the regions assigned to the deleted points; and 3) calculating the union of the shape
obtained in step 2 with the regions obtained in step 1 and the regions assigned to the
inserted points.

Nevertheless, while footprint algorithms such as a-shapes and /-shapes can be
constructed incrementally, these algorithms don’t offer the regularity guarantees of
x-shapes. Hence, in this paper we solve the edge cascade problem with a tree-based
data structure and associated algorithm to enable efficient, incremental construction of
x-shapes.

3. Method

Our new incremental y-shape algorithm is described in this section. In essence, the
x-shape is represented as a tree data structure. Then based on the changes in the DT
caused by insertion or deletion of points, the incremental y-shape algorithm modifies the
tree to calculate the new y-shape more efficiently.

3.1. Preliminaries

Given a point set P and its y-shape, our incremental algorithm can efficiently compute
the y-shape for the insertion or deletion of a (possibly singleton) set of points S. The
following terms are helpful in explaining our algorithm, also depicted in Figure 9.

Definition 3.1 The adjacent triangles of an edge e in a triangulation is the set of
one (if e is an exterior edge) or two (if e is an interior edge) triangles in the triangulation
that are incident with (i.e., adjacent to) e.

Definition 3.2 The arms of an exterior edge e in a triangulation are the other two
edges incident with the (unique) adjacent triangle of e.
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avh

e
opposite vertex of e

”

e

arms of e”

di

I
e
adjacent triangle of ¢’

Figure 1.: Examples of adjacent triangle, arms, opposite vertex, and darts in a
triangulation.

Definition 3.3 The opposite vertex of an exterior edge e in a triangulation is the
(unique) third vertex of the (unique) adjacent triangle of e, i.e., such that the opposite
vertex is not incident with e.

The incremental y-shape algorithm proposed in this paper can be implemented
efficiently using the doubly connected edge list (DCEL) data structure (De Berg et al.
2000), widely used in computational geometry. In the DCEL, each edge is represented as
a pair of half edges or “darts” (e.g., edge €’ represented by darts {d;, d2} in Figure 9).
For each dart, we may efficiently retrieve the “twin” (opposite pair) of that dart,
represented using the function 0y (e.g., 6pdi = d2 and Oyds = d; in Figure 9). Finally,
the counterclockwise cyclic order of darts around a vertex is stored using the function
01, e.g., 01dy = d3, 01ds = dy, 01d4 = do in Figure 9. Note that we can combine functions
fp and 0 to move efficiently around the triangulation, e.g., 80010001d; = d4. Using the
DCEL, the pairs, arms, opposite vertex of an exterior edge of a planar triangulation can
be found in constant time.

3.2. Representing the x-shape algorithm as a tree

The idea behind of the y-shape algorithm is to remove exterior edges of the Delaunay
triangulation (DT) of a set of input P in descending order of length, subject to a regularity
constraint. The regularity constraint of y-shapes requires that at all times the exterior
edges of the triangulation form the boundary of a simple (Jordan) polygon (the y-shape
itself). Every time an exterior edge is marked for removal, the polygon formed by the new
set, of exterior triangulation edges is checked for topological irregularities to the polygon
(i.e., namely isolated points, point connections, lines or disconnected components).

Based on this distinction between regular and irregular polygons formed by the exterior
edges of a triangulation, we can define two types of exterior edges:

Definition 3.4 An exterior edge of a triangulation is termed removable if removing
that edge would result in the exterior edges of the resulting triangulation forming an
simple polygon. Otherwise an exterior edge of a triangulation is termed non-removable.

The removability of an exterior edge can be determined by checking if the opposite
vertex of the edge is on the boundary of the triangulation. The “v—boundary” function
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defined in (Duckham et al. 2008) returns true if the input vertex is a boundary vertex,
and false otherwise. The v—boundary function is initialized by assigning the boundary
vertices of the DT with a true value and the internal vertices with a false value. Then
when a removable exterior edge is removed from the triangulation, the opposite vertex
of the exterior edge becomes a boundary vertex. Thus the v—boundary function of the
opposite vertex is set to be true. Maintaining this v — boundary function enables the
removability of an exterior edge to be determined in constant time.

The polygon formed by the exterior edges of the triangulation at any iteration of
the x-shape algorithm is guaranteed to be a simple polygon that contains all the input
points. The algorithm ceases if there is no removable exterior edge longer than the length
threshold A. The exterior edges of the final triangulation form the y-shape (x(P, A)) of
P.

The order of edge removal and the relationship between an exterior edge and its arms
are critical for the y-shape algorithm. Thus it is necessary to find out a method to
maintain these two pieces of information of x (P, \) to calculate x(PUS, \) or x(P\S, A\)
incrementally (where S is the possibly singleton set of points to be added to or removed
from P). Note every time an exterior edge e is removed in the y-shape algorithm, the two
arms of e are exposed. According to this rule, the y-shape algorithm can be represented
as a tree structure. The root of the tree is a virtual “null” node. Each node except the
root represents an edge removed in the y-shape algorithm, along with the length and
opposite vertex of that edge. The children of the root correspond to the initially exterior
edges of DT(P). Each internal node of the tree other than the root has exactly two
children, which store the arms of the edge corresponding to that node. The leaves of the
tree correspond to non-removable edges or edges shorter or equal to the length threshold
A, which form x (P, A). This tree is referred as x-tree (T (P, A)) in this paper. As shown
in Algorithm 1, the y-tree can be constructed as the y-shape algorithm scans the list
of exterior edges. An auxiliary list (O(P, \)) is also created, which saves the pointers to
nodes of the x-tree in the order of being scanned in the y-shape algorithm. In addition,
a new column is added to the DCEL, which stores the pointers to the tree-nodes that
correspond to each dart. For darts not included in the y-tree, this column is left empty.
The function “node(d)” returns the value of this column for the dart d. For brevity we
may also write node(e) in place of node(d), where e is an edge incident with dart d.

Figure 10(b) illustrates the y-tree of an example y-shape shown in Figure 10(a). The
nodes of the tree are labelled with their corresponding triangulation edge labels. The
leaves of the x-tree correspond to the edges that form the y-shape shown in Figure 10(a).

The DT for insertion (DT(P U S)) or deletion (DT(P \ S)) can be obtained
incrementally from DT'(P) using established incremental DT algorithms. The next step
is to find out the minimum modifications to the y-tree to handle insertion or deletion
incrementally and efficiently. Then the y-shape after insertion or deletion can be simply
extracted from the leaves of the modified x-tree.

3.3. Insertion

Inserting a set of points S into P only affects the triangles of DT'(P) that are locally
relevant to the points in S (Anglada 1997). Let Ag be the sub-triangulation of DT'(P)
that disappears as a result of inserting S, and Ag be the sub-triangulations of DT (PU.S)
that are created by S. Ag and Ag can be obtained using an incremental DT algorithm
such as Guibas et al. (1992), Lischinski (1994). Figure 11 shows an example of inserting
S into P and the resultant Ag and Ag.
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Algorithm 1 y-shape algorithm with preparation for future insertion or deletion

Require: A finite set of two-dimensional points P C R x R and one parameter A € R
1: Construct the Delaunay triangulation DT(P) of P

2: A+ DT(P)

3: Construct the list B of exterior edges of DT (P)

4: Sort the list B in descending order of edge length

5: Initialize the v—boundary function

6: Set the root (1) of Ty (P, A) to be {edge = 0, oppositeVertex = @, length = 0}
7: Construct the list of parent nodes (PN) for the elements in B

8: Set each element in PN to be r

9: O(P,\)« 0

10: while B is not empty do

11: e ={d1, d2} < pop(B)

12: p < pop(PN)

13: 0 < opposite vertex of e in A

14: N «+ {edge = e, oppositeVertex = o, length = |le||}

15: Insert N in T (P, ) as a child of p

16: node(dy) < N

17: node(dz) + N

18: Append N to O(P, X)

19: if |le|] > A and v—boundary(o) = false then

20: Remove e from A

21: v—boundary(o) = true

22: Insert the arms of e in A into B in order of edge length

23: Insert N into PN at the corresponding position of the arms of e in B
24: end if

25: end while
26: Return x (P, \) formed by leaves of T (P, X), DT(P), Tx (P, X\) and O(P, \)

(b) The x-tree of the x-shape (a)

(a) An example x-shape

Figure 2.: The x-tree (b) of an example y-shape (a). Labeled nodes in the x-tree (b)
correspond to edges of the x-shape (a). The leaves of the x-tree form the x-shape (thicker
edges) shown in (a).

The incremental y-shape for insertion is presented in Algorithm 2. First, the triangles
that disappear (Ag) are handled in lines 2-14. Next, the changes in the exterior edges
of the DT are solved in lines 15-23. Finally, the nodes in the x-tree are scanned in lines
24-58 to generate the y-shape.

3.8.1.  Handling triangles that disappear (Ag)

After inserting S, the triangles in Ag are replaced with the new ones in Ag. The nodes
of which the edge and opposite vertex are both on a triangle in Ag will not exist in the
new x-tree. Let Ny ={N | N = node(e), e is on Ag, N.oppositeVertex is on Ag} denote
such nodes. For a node N € Ny, if N.edge is on the boundary of Ag, we only need to
change N.oppositeVertexr to the opposite vertex of N.edge in Ag. When the opposite
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(a) Before insertion of S (b) After insertion of S

Figure 3.: Changes to DT caused by inserting a set of points S into P.

vertex of N is changed, the children of N (arms of N.edge) must be changed in the new
x-tree. Thus the children of N are disconnected from N if N is an internal node, which
will be reconnected or deleted in the later steps (see Section 3.3.3). If N.edge is not on
the boundary of Ag, N needs to be deleted from the y-tree and the auxiliary list of the
x-tree. The x-tree can become a disconnected graph (a forest) after deleting such nodes.

3.3.2.  Fizing exterior edges of DT

When S contains points outside the convex hull (conv(P)) of P, the exterior edges
of DT can be changed after the insertion. The DT after the insertion has exterior
edges which are incident to the points in S. Let Eg be such exterior edges. New nodes
corresponding to these new exterior edges need to be added to the x-tree as the children
of the root of the x-tree. We also need to determine the position of the newly added nodes
in the auxiliary list of the y-tree. A list W is created to save the newly created nodes
waiting to be inserted into the auxiliary list of the x-tree. The newly created nodes are
inserted in W in descending order of the length of the nodes. The nodes in W are inserted
into the auxiliary list of the x-tree in the later step (see lines 26-28 in Algorithm 2).

In addition, some exterior edges of DT'(P) may become internal in DT(PUS) (covered
by the exterior edges of DT(P U S) that are incident to points in S). The nodes
corresponding to such previous exterior edges are firstly disconnected from the null root of
the x-tree, since the children of the null root of the x-tree must correspond to the exterior
edges of DT. The resultant disconnected component will be reconnected or deleted in
the later steps (see Section 3.3.3).

Ng = 0 and Eg = () implies that the points in S do not affect the x-tree at all. In
this case, the x-tree Ty (P U S, A) and its auxiliary list will be identical with T (P, X)
and the auxiliary list of T, (P, \), respectively. Hence the incremental x-shape algorithm
stops in this situation. Otherwise, the nodes in the y-tree are scanned in the next step.

3.8.3.  Scanning the x-tree

After the previous initial changes to the y-tree and its auxiliary list, the nodes of the
x-tree can be scanned in the order given by the auxiliary list. Recall that some nodes of
the x-tree in W are waiting to be inserted into the auxiliary list of the y-tree. When a
node N is scanned in an iteration, it is compared with the head of W (H = head(W)).
Note the y-shape algorithm always process the longest exterior edge. Hence if H.length >
N.length, H is inserted into the auxiliary list of the y-tree before N and removed from
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Algorithm 2 Incremental y-shape algorithm (insertion)

Require: A finite set of two-dimensional points P C R X R, a finite set of two-dimensional points S ¢ P to be
inserted, one parameter A € R, DT(P), Tx (P, A) and O(P, \)

1: Calculate DT (P U S) incrementally from DT(P) and obtain Ag, Ag and Eg

2: Ng +{N | N = node(e), e is on Ag, N.oppositeVertex is on Ag}

3: if Ny =0 and E% = () then

4: Return DT(PUS), Tx(PUS, A) < Ty (P, A), O(PUS, X\) < O(P, \)

5: end if

6: for all N € Ny do

7 if N.edge is on the boundary of As then

8 N.oppositeVertex < opposite vertex of N.edge in Ag

9 Disconnect the children of N from N if N is an internal node
10 else
11: node(N.edge) <+ null
12: Delete N from Ty (P, ) and O(P, \)
13: end if
14: end for
15: W+ 0
16: EbAS +— {e | e € As, e is an internal edge of DT(P U S) and an exterior edge of DT (P)}

17: Disconnect node(EbAs) from the null root of T (P, \)

18: for all e € Eg do

19: o0 < opposite vertex of e in DT(P U S)

20: N + {edge = e, oppositeVertex = o, length = ||e||}

21: Insert N into T (P, A) as a child of the null root of Ty (P, A) and into W in descending order of length
22: node(e) + N

23: end for

24: N < head(O)

25: while N.next # null do

26: if W # 0 and N.length < head(W).length then

27: Insert head(W) into O(P, A\) before N

28: N + pop(W)

29: end if

30: if N.parent = null then

31: Ny, < N and its descendants

32: node(Ny.edge) <+ null

33: Delete Nj, from T (P, A) and O(P, )

34: end if

35: if N.length > X then

36: if N is an internal node and v—boundary(N.oppositeVertex) = false then
37: v—boundary(N.oppositeVertex) = true

38: else if N is an internal node and v—boundary(N.oppositeVertex) = true then
39: Ny, < N and its descendants

40: node(Ny.edge) < null

41: Delete Nj, from Ty (P, A) and O(P, )

42: else if N is a leaf and v—boundary(N.oppositeVertex) = false then

43: v—boundary(N.oppositeVertex) = true

44: A < arms of N.edge using Equation 1

45: for all e € A do

46: if node(e) # null and node(e).oppositeVertex is not on N.edge then
47: Connect node(e) to N as a child of N

48: else

49: 0 < opposite vertex of e using Eq 2

50: N’ + {edge = e, oppositeVertex = o, length = ||e||}

51: Insert N’ into Ty (P, A) as a child of N and into W in descending order of length
52: node(e) < N’

53: end if

54: end for

55: end if

56: end if

57: N < N.next
58: end while
59: Return DT(PUS), Tx(PUS, A) < Tx(P, ), O(PUS, X) < O(P, X)

W. And in this iteration H is scanned instead of N.

The initial changes cause the x-tree to become a disconnected graph. Some of the
connected components will be reconnected to the y-tree in the Case 4 below. If a node
N being scanned in the current iteration is a root of one of the connected components
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(N.Parent = null), it means the connected component has not been reconnected to
the x-tree. The nodes in the connected component are deleted from the y-tree and its
auxiliary list. Then the next node in the auxiliary list of the y-tree is scanned. The
edges corresponding to these deleted nodes either rejoin the y-tree later or are no longer
contained in the y-tree. If N.Parent # null and N.length < A, N must be a leaf of
Ty (P, ) and will still be a leaf in Ty (P US, X). Hence no further processing is needed.
If N.Parent # null and N.length > X\, N can either be a leaf or an internal node, and
N.edge can either be removable or non-removable. Hence each node falls in one of the
following four cases.

Case 1: N is a leaf and N.edge is non-removable. N.edge was not removed in the
x-shape algorithm on P and is non-removable in the y-shape algorithm on PUS. In this
case, no further processing is needed.

Case 2: N is internal and N.edge is non-removable. N.edge was removed in the
x-shape algorithm on P but becomes non-removable in the y-shape algorithm on PU S.
In this case, the descendants of N should be deleted from the x-tree and its auxiliary
list.

Case 3: N is internal and N.edge is removable. N.edge was removed in the y-shape
algorithm on P and is still removable in the y-shape algorithm on P U .S. In this case,
we just need to set the v—boundary function of N.oppositeVertex to be true.

Case 4: N is a leaf and N.edge is removable. N.edge was non-removable in the
x-shape algorithm on P and becomes removable after the insertion. In this case, two
nodes, corresponding to the arms of N.edge, should become the children of N. These
two nodes can be existing nodes in the y-tree or newly created nodes. In addition, the
v—boundary function of N.oppositeVertexr needs to be set to be true.

Let N.edge be {d;, d2}. As the opposite vertex of N must be on the arms of N.edge,
the two arms A = {41 = {da,, Ooda, }, A2 = {da,, 6pda,}} of N.edge can be found by

da — 01d; if vertex(0yh1d1) = N.oppositeVertex
A= 9091909190d1 otherwise

da — 01ds if vertex(0ph1d2) = N.oppositeVertex (1)
A2 7 0901006, 0ds otherwise.

If A; or As is not contained in the x-tree (i.e., node(d,) = null or node(da,) = null),
a new node is created and added to the x-tree as a child of N. A; and Ay can have two
adjacent triangles. The opposite vertices (0) of A; and Ay are on the triangle that does
not contain NN.edge, which can be obtained by

(Ay) = vertex(6pb1d 4, ) if vertex(6of1d1) = N.oppositeVertex
o) = vertex(016000100d 4, ) otherwise

o(As) = {verte$(9091dA2) if vertex(0of1ds) = N.oppositeVertex )

vertex(6160p010pd 4,) otherwise.

If A; or As is already contained in a node IV; in the y-tree, we need to check whether
the opposite vertex of N; is on N.edge. If so, N;.edge is visited by the y-shape algorithm
on PU S in a different direction from that on P. In this case, a new node is created as
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above and added to the x-tree as a child of N. The branch that originally contains V;
will be captured and chopped off in the Case 2 above. Otherwise, we connect N; to N
as a child of N. When a new node is created and added to the y-tree, the node is also
inserted in W in descending order of the length of the nodes, waiting to be inserted into
the auxiliary list of the x-tree.

After scanning the y-tree, disconnected components are either reconnected or deleted.
The graph again contains a single connected component, i.e., the new x-tree T (PUS, \).
As the changes to the DT caused by inserting S occur locally relevant to S, the cases 1
and 3 happen much more frequently than the cases 2 and 4 do. The cases 1 and 3 are
also much less time consuming than the cases 2 and 4. Hence this incremental algorithm
can afford improved efficiency.

3.4. Deletion

The same principles used to handle insertion can also be used to deal with deletion.
Reading Figure 11 from right to left shows the modifications to the DT caused by deletion.
For deletion, Ag is the sub-triangulation of DT(P) that disappears after the deletion.
And Ag is the sub-triangulation of DT'(P \ S) that is created by the deletion operation.
The algorithm described in Section 3.3.1 and lines 6-14 in Algorithm 2 can be used to
handle the triangles that disappear (Ag).

The difference between the deletion algorithm and the insertion algorithm is how the
changes to the exterior edges of the DT are handled. There is no exterior edge of DT'(P)
being covered after the deletion. Hence we do not need to disconnect any nodes from
the null root of the x-tree. In addition, the new exterior edges of the DT are a result
of two sources. The first source is that some internal edges of DT'(P) are exposed after
deletion and become exterior edges of DT'(P \ S). Let Egl = {e | e is an internal edges
of DT(P), e is an exterior edge of DT(P \ S)} denote the new exterior edges created
by this source. These edges may be already included in the x-tree. For each e € Eg}, if
node(e) # null, node(e) should be connected to the null root of the y-tree as one of its
children. Otherwise, e is not included in the y-tree, a new node is created and inserted
into the y-tree as a child of the null root. The node is also inserted into W in descending
order of length. The second source is that some newly created edges of Ag are exterior
edges of DT(P\ S). Let Eg? = {e | eis on Ag and is not on Ag, e is an exterior edge
of DT(P\ S)} denote the new exterior edges created by this second source. Every edge
in EgQ must not be contained in the y-tree. Hence a new node is created for each edge
in Eg? and inserted into the x-tree as a child of the null root. The node is also inserted
into W in descending order of length.

After the initial modifications to the y-tree and the auxiliary list of the x-tree, the
algorithm described in Section 3.3.3 and lines 24-58 in Algorithm 2 can be used to scan
the x-tree and generate the final y-tree after deletion. The incremental y-shape algorithm
for deletion is given in Algorithm 3, where the same steps as the incremental y-shape
algorithm for insertion are omitted and quoted from Algorithm 2.

4. Results

The efficiency of the incremental y-shape algorithm proposed in the previous section was
evaluated through experiments. The execution time of the incremental y-shape algorithm
is dominated by the step of scanning the x-tree. This step is identical in the algorithms for
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Algorithm 3 Incremental y-shape algorithm (deletion)

Require: A finite set of two-dimensional points P C R x R, a finite set of two-dimensional points S € P to be
deleted, one parameter A € R, DT (P), Tx (P, A\) and O(P, \)

1: Calculate DT(P \ S) incrementally from DT (P) and obtain Ag, Ag, Egl and Egz
2: Ng +{N | N = node(e), e is on Ag, N.oppositeVertex is on Ag}

3: if Ny =0 and E2' = fand E2' =0 then

4 Return DT(P\ S), Tx(P\ S, A) ¢ Tx (P, \), O(P\ S, \) < O(P, \)

5: end if

6: Lines 6 — 14 in Algorithm 2

T W0

8: for all e € EZ' do

9: if node(e) = null then

10: Connect node(e) to the null root of T (P, X) as one of its children

11: else

12: o0 +— opposite vertex of e in DT (P \ S)

13: N « {edge = e, oppositeVertex = o, length = |le||}

14: Insert N into Ty (P, A) as a child of the null root of T (P, A) and into W in descending order of length
15: node(e) + N

16: end if

17: end for

18: for all e € Eg? do

19: 0 < opposite vertex of e in DT(P \ S)

20: N < {edge = e, oppositeVertex = o, length = ||e||}

21: Insert N into T (P, M) as a child of the null root of Ty (P, A) and into W in descending order of length
22: node(e) < N

23: end for

24: Lines 24 — 58 in Algorithm 2

25: Return DT (P\ S), Tx(P\ S, X\) < Tx(P, X\), O(P\ S, A) + O(P, \)

insertion and for deletion. Hence, the performance of the algorithm for insertion was only
tested in these experiments—identical patterns of performance are found for deletion.

4.1. Single-point insertion

The first experiment tested the performance of the incremental y-shape algorithm
when dealing with the most simple insertion case, i.e., insertion of a single point. In
this experiment, we investigated the impact of three factors on the efficiency of the
incremental y-shape algorithm: the number of points in P, the length threshold A, and
the location of the inserted point.

4.1.1.  FExperimental design

To investigate how the incremental y-shape algorithm scales under the increasing
number of input points, the number of points in P (denoted as |P|) was varied across
nine incremental levels: {22 x 102, 23 x 10%, - .-, 210 x 10?}.

Rather than the absolute length threshold A, a normalized length threshold X' € [0, 100]
was the second factor tested in our experiments. The absolute length threshold is
calculated as the length of the edge that is shorter than A% of the edges of the DT. By
Euler’s formula, the number of edges of the DT is linearly proportional to the number of
input points. Thus, the normalized length threshold A’ ensures the number of removed
edges is proportional to the number of input points, enabling comparison across input
points sets of different cardinalities. The normalized length threshold was tested across
three levels: {5, 10, 15}, to explore the impact of parameter choice on the efficacy of the
incremental y-shape algorithm.

Finally, the location of the inserted point is expected to affect to what extent the DT
and the y-tree are changed after the insertion. The convex hull and y-shape of P divide
the plane into three non-overlapping regions: (1) within the y-shape of P, (2) between
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the x-shape and the convex hull of P, and (3) outside the convex hull of P. Each inserted
point was drawn randomly from one of these three regions.

A full factorial design of experiment (DoE) was conducted on the above three factors.
A total number of 100 independent and random replications of P and inserted singleton
point set S were generated and processed for each combination of factors. The y-shape of
PUS was calculated using both the original and the incremental y-shape algorithms. The
ratio of the execution time of the original y-shape algorithm to that of the incremental
x-shape algorithm (“speed-up”) provided the measure of the increase in performance of
the incremental algorithm.

To highlight the efficiency gain resulting from the core of the incremental y-shape
algorithm, the execution time of the incremental DT algorithm was excluded from the
execution time of the original and the proposed incremental algorithms (which may both
use an existing incremental DT algorithm). In addition, we found the total execution time
of both algorithms is dominated by scanning the exterior edges of the triangulation. Hence
excluding the execution time of the incremental calculation of DT has an extremely small
effect upon the speed-up factor. The execution time of the original y-shape algorithm
was measured as the elapsed time from lines 3-26 of Algorithm 1. The execution time of
the incremental x-shape algorithm was measured as the elapsed time from lines 2-59 of
Algorithm 2.

The experiments were conducted on two typical types of non-convex shapes shown in
Figure 12: (a) a shape of letter “X” and (b) a shape of the border of France. In each
replications of the experiment, the points in P were randomly drawn from these two
shapes.

(a) letter “X” (b) France

Figure 4.: Two non-convex shapes where points in P are drawn in the experiment.

4.1.2.  Experimental results

The median speed-up in experiments on the shape of letter “X” is illustrated in
Figure 13, categorized by the region where the inserted point S was drawn. Each
sub-figure depicts the effect of the number of points in P (horizontal axis) and the
normalized length threshold )\ (three different colors) on the speed-up factor. A
logarithmic scale is used in Figure 13(a), because the speed-up obtained when S is inside
the x-shape of P was several orders of magnitude greater than those obtained in other
two regions. When S is inside the y-shape of P and when the length threshold is not
too small (as in our experimental setup), the changes in the DT caused by the insertion
often do not affect the x-tree. In this case, the incremental y-shape algorithm terminates
at line 4 of Algorithm 2, resulting in the significantly greater speed-up in Figure 13(a)
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when compared with Figures 13(b) and (c). When S is outside the y-shape of P, the
insertion is certain to affect the y-tree. In this situation, the level of speed-up observed
was unaffected by whether S is inside (Figure 13(b)) or outside (Figure 13(c))the convex
hull of P.

105 25 25

~N-1s —XN=15 —\'=15
Za-10 —X=10 ~\=10
_10fL —X=5 = 20 X=5 . 20 ~X=5 .
5] i::::f S - 3 +
3 = S T S -
810° 11 L5 — £15 I
(=8 Q. o
3 2 5
e} 2 el e}
©10 g10 $10
Q. j=% o
a o o
10 5 5 ’d
100 2 3 4 5 6 1 2 3 4 5 6 1 2 3 4 5 6
10 10 10 10 10 10 10 10 10 10 10 10 10 10 10

Number of points in P

(¢) S outside conv(P)

Number of points in P

(a) S inside x (P, \)

Number of points in P

(b) S inside conv(P) and outside
x(P; A)

Figure 5.: Relationship between the speed-up factor and the number of points in P, under
different \’ values (differently colored lines) and different regions to draw S (a-c) for the
shape of letter “X”.

In all experimental settings, the speed-up observed was greater than 1, i.e., the
incremental y-shape algorithm was faster than the original y-shape algorithm. The
increase in algorithm speed up was more pronounced with increasing number of points
in P. The original and the incremental algorithms have the same worst case time
complexity O(nlogn), where n is the number of points in P. To study the average
case time complexity, a polynomial regression of the form T, = an® was fitted to the
median execution time curves, where T, is the median execution time. As mentioned
in Section 4.1.1, T excludes the execution time of incremental DT to evaluate the core
contribution of this paper. In all cases, the coefficient of determination (R?) indicated a
good fit (R? > 0.99). The exponent of the curve b provides an empirical estimate of the
average case time complexity. Table 3 lists the constant factor a and the exponent b for
the original and the incremental y-shape algorithms, calculated for different experimental
settings. The average case time complexity of the original y-shape algorithm was about
O(n%58) under all the experimental settings. The incremental y-shape algorithm had a
nearly constant average case time complexity O(n°%7) when S was inside the y-shape of
P. Hence in this case, the speed-up factor reached as high as 1.4 x 10* in our experiment.
When S was drawn outside the y-shape of P, the average case time complexity of the
incremental y-shape algorithm was only slightly lower than that of the original x-shape
algorithm. In this circumstance, the average case time complexity tended to decrease as
more edges were removed (i.e., greater \'). As a consequence, the speed-up factor was
highest when X = 15.

The results of the experiment on the shape of French border are illustrated in
Figure 14 and Table 4. The impacts of the experimental factors on the speed-up factor
demonstrated by this experiment were the same as those exhibited from the experiment
on the shape of letter “X”. The speed-up factors of the shape of French border were
lower than those of the shape of letter “X”. The “X” shape exhibits greater concavity
than the French border, and the benefits of the incremental y-shape algorithm are more
pronounced when dealing with increasingly non-convex points distributions.
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Table 1.: Coefficients for regressions of the form T, = a|P|® upon scalability (growth in
execution time in seconds as a function of |P|), calculated under different A\’ values and
different regions to draw .S for the shape of letter “X”.

\ S inside x (P, \) S inside conv(P) and S outside conv(P)
outside x (P, \)
a b a b a b
15 Original 3.5x 1074 0.69 I 3.68 x 10~% 0.68 I 3.36 x 107 0.69
Incremental | 3.11 x 10~° 0.05 3.95 x 10~° 0.62 3.82 x 1075 0.62
10 | Original 3.1x10~% 0.67 | 2.97 x 10~* 0.68 2.9 x 1072 0.68
Incremental | 2.97 x 10~° 0.05 2.97 x 10~° 0.63 2.6 x 10~° 0.64
5 Original 2.16 x 10~2 0.68 2.19 x 10~% 0.68 | 2.13x 1071 0.68
Incremental | 2.61 x 10~° 0.07 1.81 x 10~2 0.66 1.81 x 10~° 0.66
10° T a—1e BT BriTE
——A'=10 —-X'=10 —-\'=10
10%F —A=5 4 _20f N5 _20p N5
g = g 5
L1103 = ’ L5 L £15 "
] = s SR s R
g 10? ’ B1o ' ) B10 . '
Q. j=R o
P 10t ? ?
5 5
0 1 1
10,02 10° 10* 10° 10° 102 10° 10* 10° 10° 102 10° 10* 10° 10°

Number of points in P

(c¢) S outside conv(P)

Number of points in P

(a) S inside x (P, A\)

Number of points in P

(b) S inside conv(P) and outside
X(P, A)

Figure 6.: Relationship between the speed-up factor and the number of points in P, under
different \’ values (differently colored lines) and different regions to draw S (a-c) for the
shape of French border).

Table 2.: Coefficients for regressions of the form 7. = a|P|® upon scalability (growth in
execution time in seconds as a function of |P|), calculated under different A\’ values and
different regions to draw S for the shape of French boder.

z S inside x (P, \) S inside conv(P) and S outside conv(P)
outside x (P, \)

a b a b a b
15 | Original 1.11 x 104 0.75 1.27 x 10~% 0.74 1.18 x 104 0.74
Incremental | 2.55 x 10~° 0.07 1.15 x 10=° 0.70 1.25 x 10~° 0.70
10 | Original 1.08 x 102 0.73 | 1.09 x 10~* 0.73 | 1.02x 101 0.73
Incremental | 2.69 x 10~° 0.07 8.57 x 10~ 0.72 9.56 x 10~ 0.71
5 | Original 8.43 x 10~° 0.73 7.65 x 1075 0.74 7.81 x 10~° 0.73
Incremental | 2.55 x 10~ 0.07 5.89 x 10~ 0.74 6.6 x 106 0.73

4.2. Multi-point insertion

The single-point insertion experiment demonstrated the performance of the incremental
x-shape algorithm when handling the most simple type of insertion. The next experiment
studied the efficiency of our algorithm under the increasing number of points to be
inserted, i.e., as |S| increases, as well as changing the spatial distribution of S.

4.2.1.

The shape of letter “X” was used to generate the points in P in the multi-point
experiment, as based on the single point insertion experiment, it was clear that strongest
signal was achieved from more concave shapes. Also based on representative settings

Ezperimental design
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from the single point experiment, the number of points in P was fixed to be 28 x 102;
and )\ was set to be 10. The number of points to be inserted had ten incremental levels:
|S| € {22,23,... 2!}

The “X” shape contains four non-convex regions (gray regions in Figure 15). When
the “X” shape is filled with adequate points, inserting points in one of the non-convex
regions does not affect the DT in other non-convex regions. Hence we can control the
extent to which the DT is changed by the inserted points through randomly drawing
the inserted points from different numbers of the non-convex regions. In this experiment,
inserted points were drawn from a single non-convex region (Region 1 in Figure 15), two
non-convex regions (Region 1 and 2 in Figure 15), and four non-convex regions (Region
1 — 4 in Figure 15). When inserted points were drawn from multiple regions, the same
number of points was generated in each region.

Region 3

Region 2 Region 4

Region 1

Figure 7.: Four non-convex regions of the shape of letter “X”.

As with the single-point insertion experiment, a full factorial experimental design was
conducted. The response of the experiment was again the increase in speed relative
to the (non-incremental) y-shape algorithm. A total of 100 independent and random
replications were tested for each combination of experimental settings.

4.2.2.  Experimental results

Figure 16 illustrates how the median speed-up factor changed with the increasing
number of points in S, and when points in S were drawn from different regions. As
the number of points in S increased, more changes occurred in the DT, and therefore
the speed-up factor decreased. Nevertheless, the incremental y-shape algorithm was still
twice as fast as the original y-shape algorithm when more than one thousand points were
inserted at once.

The distribution of the points in S also played a significant role on the efficacy of the
incremental algorithm. As anticipated, the increase in speed was greatest when S was
concentrated in a single non-convex region of the shape of “X”, because fewer triangles
of the DT were affected in this circumstance. In contrast, when .S occupied all the four
non-convex regions of the shape of “X”, the largest number of triangles of the DT were
affected, and consequently the increase in efficiency of the incremental algorithm was at
its least.
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Figure 8.: Relationship between the speed-up factor and the number of points in .S. Points
in S were drawn from Region 1 (dashed line), Regions 1 & 2 (thinner solid line), and
Regions 1 — 4 (thicker solid line) in Figure 15.

5. Discussion

The incremental y-shape algorithm proposed in this paper was evaluated empirically
against the original y-shape algorithm, when dealing with a dynamic set of points.
Two typical kinds of non-convex shapes, a highly non-convex letter shape and a less
convex country shape, commonly used in existing literature to evaluate non-convex
footprint algorithms, were tested in the single-point experiment. The incremental x-shape
algorithm yielded significant increases in efficiency for both kinds of non-convex shapes.
The experimental results demonstrated that the more non-convex the distribution of
input points, the greater the increase in efficiency afforded by the incremental algorithm.

The speed-up factor also increases with the increasing size of P. Hence the incremental
x-shape algorithm can be used to efficiently mine the spatial patterns of big dynamic
sets of spatial points, such as social media data. The incremental x-shape algorithm can
also efficiently delete or insert multiple points at once. As might be expected from an
incremental algorithm, the larger the number of points to be inserted or deleted at once,
the lower the increase in efficiency when compared with the non-incremental algorithm.
However, our incremental algorithm still provided increases in processing speed even
when faced with thousands of points inserted at once. Such performance characteristics
are important in stream processing, where batches of points rather than individual points
may often need to be processed within a temporal window.

The incremental algorithm efficiency also depends on the distribution of inserted points.
Each non-leaf branch attached to the root of the y-tree captures a distinct non-convex
subregion (between y-shape and convex hull) of the distribution of the input points.
The multi-point experiment demonstrated that the incremental y-shape algorithm works
better when fewer such branches are affected by the points to be inserted or deleted. For
dynamic, evolving regions, expansion may frequently be in just one direction between two
consecutive epochs. In such cases, fewer non-convex regions are likely to be affected, and
the benefits of the incremental algorithm increased. In contrast, a spatial region expand in
all directions simultaneously, is likely to require insertion or deletion in multiple branches
of the tree (subregions), with likely lesser improvements in performance. However, many
real-life spatial events may be expected to exhibit anisotropic change, as in the former
case. Wildfires, for example, typically propagate in one direction (decided by wind
direction, topography, and fuel conditions) over shorter timescales of minutes to hours.
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6. Conclusion

An incremental algorithm was proposed in this paper for constructing y-shapes for
dynamic, streaming sets of points. When a large dynamic set of points adds or removes a
relatively small number of points, the y-shape does not need to be recomputed entirely.
By representing the x-shape as a y-tree, our incremental algorithm can make minimum
modifications to the y-tree and obtain the new y-shape more efficiently as new points
are inserted or deleted.

Our evaluation demonstrated experimentally how the efficiency of our new incremental
algorithm is affected by factors including the size of the dynamic data set, the distribution
and the size of the inserted or deleted set of points, and the parameterization of the
x-shape. These results provide a guide to the expected increase in performance of our
incremental algorithm in a range of circumstances.
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Algorithm 1 y-shape algorithm with preparation for future insertion or deletion

Require: A finite set of two-dimensional points P C R x R and one parameter A € R
1: Construct the Delaunay triangulation DT(P) of P

2: A+ DT(P)

3: Construct the list B of exterior edges of DT (P)

4: Sort the list B in descending order of edge length

5: Initialize the v—boundary function

6: Set the root (1) of Ty (P, A) to be {edge = 0, oppositeVertex = @, length = 0}
7: Construct the list of parent nodes (PN) for the elements in B

8: Set each element in PN to be r

9: O(P,\)« 0

10: while B is not empty do

11: e ={d1, d2} < pop(B)

12: p < pop(PN)

13: 0 < opposite vertex of e in A

14: N «+ {edge = e, oppositeVertex = o, length = |le||}

15: Insert N in T (P, ) as a child of p

16: node(dy) < N

17: node(dz) < N

18: Append N to O(P, X)

19: if |le|] > A and v—boundary(o) = false then

20: Remove e from A

21: v—boundary(o) = true

22: Insert the arms of e in A into B in order of edge length

23: Insert N into PN at the corresponding position of the arms of e in B
24: end if

25: end while
26: Return x (P, \) formed by leaves of T (P, X), DT(P), Tx (P, X\) and O(P, \)
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Algorithm 2 Incremental y-shape algorithm (insertion)

Require: A finite set of two-dimensional points P C R X R, a finite set of two-dimensional points S ¢ P to be
inserted, one parameter A € R, DT(P), Tx (P, A) and O(P, \)

1: Calculate DT (P U S) incrementally from DT(P) and obtain Ag, Ag and Eg

2: Ng +{N | N = node(e), e is on Ag, N.oppositeVertex is on Ag}

3: if Ny =0 and E% = () then

4: Return DT(PUS), Tx(PUS, A) < Ty (P, A), O(PUS, X\) < O(P, \)

5: end if

6: for all N € Ny do

7 if N.edge is on the boundary of As then

8 N.oppositeVertex < opposite vertex of N.edge in Ag

9 Disconnect the children of N from N if N is an internal node
10 else
11: node(N.edge) <+ null
12: Delete N from Ty (P, ) and O(P, \)
13: end if
14: end for
15: W+ 0
16: EbAS +— {e | e € As, e is an internal edge of DT(P U S) and an exterior edge of DT (P)}

17: Disconnect node(EbAs) from the null root of T (P, \)

18: for all e € Eg do

19: o0 < opposite vertex of e in DT(P U S)

20: N + {edge = e, oppositeVertex = o, length = ||e||}

21: Insert N into T (P, A) as a child of the null root of Ty (P, A) and into W in descending order of length
22: node(e) + N

23: end for

24: N < head(O)

25: while N.next # null do

26: if W # 0 and N.length < head(W).length then

27: Insert head(W) into O(P, A\) before N

28: N + pop(W)

29: end if

30: if N.parent = null then

31: Ny, < N and its descendants

32: node(Ny.edge) <+ null

33: Delete Nj, from T (P, A) and O(P, )

34: end if

35: if N.length > X then

36: if N is an internal node and v—boundary(N.oppositeVertex) = false then
37: v—boundary(N.oppositeVertex) = true

38: else if N is an internal node and v—boundary(N.oppositeVertex) = true then
39: Ny, < N and its descendants

40: node(Ny.edge) < null

41: Delete Nj, from Ty (P, A) and O(P, )

42: else if N is a leaf and v—boundary(N.oppositeVertex) = false then

43: v—boundary(N.oppositeVertex) = true

44: A < arms of N.edge using Equation 1

45: for all e € A do

46: if node(e) # null and node(e).oppositeVertex is not on N.edge then
47: Connect node(e) to N as a child of N

48: else

49: 0 < opposite vertex of e using Eq 2

50: N’ + {edge = e, oppositeVertex = o, length = ||e||}

51: Insert N’ into Ty (P, A) as a child of N and into W in descending order of length
52: node(e) < N’

53: end if

54: end for

55: end if

56: end if

57: N < N.next
58: end while
59: Return DT(PUS), Tx(PUS, A) < Tx(P, ), O(PUS, X) < O(P, X)
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Algorithm 3 Incremental y-shape algorithm (deletion)

Require: A finite set of two-dimensional points P C R x R, a finite set of two-dimensional points S € P to be

deleted, one parameter A € R, DT (P), Tx (P, A\) and O(P, \)

: Calculate DT(P \ S) incrementally from DT(P) and obtain Ag, Ag, Egl and Egz

Ny +{N | N = node(e), e is on Ag, N.oppositeVertex is on Ag}
if Ny =0 and Egl = Pand Egl = then
Return DT(P\ S), Tx(P\ S, A) « Tx (P, \), O(P\ S, ) < O(P, \)
end if
Lines 6 — 14 in Algorithm 2
W« 0

: for all e € By do

if node(e) = null then
Connect node(e) to the null root of T (P, X) as one of its children
else
o0 +— opposite vertex of e in DT (P \ S)
N « {edge = e, oppositeVertex = o, length = |le||}
Insert N into Ty (P, A) as a child of the null root of T (P, A) and into W in descending order of length
node(e) + N
end if

: end for
: for all e € Eg? do

0 < opposite vertex of e in DT(P \ S)

N < {edge = e, oppositeVertex = o, length = ||e||}

Insert N into T (P, M) as a child of the null root of Ty (P, A) and into W in descending order of length
node(e) + N

: end for
: Lines 24 — 58 in Algorithm 2
: Return DT(P\ S), Tx(P\ S, A) « Ty (P, \), O(P\ S, X\) < O(P, \)

23
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Table 3.: Coefficients for regressions of the form T, = a|P|® upon scalability (growth in
execution time in seconds as a function of |P|), calculated under different A\’ values and

different regions to draw .S for the shape of letter “X”.

\ S inside x (P, \) S inside conv(P) and S outside conv(P)
outside x (P, \)

a b a a b
15 | Original 3.5 x 101 0.69 | 3.68 x 1077 0.68 | 336 x 107 0.69
Incremental | 3.11 x 10—° 0.05 3.95 x 102 0.62 3.82 x 10~° 0.62
10 | Original 3.1x10~% 0.67 | 2.97 x 10~* 0.68 2.9 x 1072 0.68
Incremental | 2.97 x 10~° 0.05 2.97 x 10~° 0.63 2.6 x 10~° 0.64
5 Original 2.16 x 10~2 0.68 2.19 x 10~% 0.68 2.13 x 10~42 0.68
Incremental | 2.61 x 10—° 0.07 1.81 x 10—° 0.66 ] 1.81x10-° 0.66
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Table 4.: Coefficients for regressions of the form T, = a|P|® upon scalability (growth in
execution time in seconds as a function of |P|), calculated under different A\’ values and
different regions to draw S for the shape of French boder.

\ S inside x (P, \) S inside conv(P) and S outside conv(P)
outside x (P, \)

a b a b a b
15 Original 1.11 x 10~% 0.75 | 1.27 x10°* 0.74 | 1.18x 101 0.74
Incremental | 2.55 x 10~° 0.07 1.15 x 10—° 0.70 1.25 x 10~° 0.70
10 | Original 1.08 x 10~ % 0.73 [ 1.09x 1072 0.73 [ 1.02x107% 0.73
Incremental | 2.69 x 10~° 0.07 8.57 x 10~¢ 0.72 9.56 x 10—6 0.71
5 Original 843 x 10~° 0.73 7.65 x 1075 0.74 7.81x 10~° 0.73
Incremental | 2.55 x 10~° 0.07 | 5.89 x 106 0.74 1 6.6 x10°6 0.73
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Figure 9.: Examples of adjacent triangle, arms, opposite vertex, and darts in a
triangulation.

(a) An example y-shape (b) The x-tree of the x-shape (a)

Figure 10.: The x-tree (b) of an example y-shape (a). Labeled nodes in the y-tree (b)
correspond to edges of the x-shape (a). The leaves of the x-tree form the x-shape (thicker
edges) shown in (a).

(a) Before insertion of S (b) After insertion of S

Figure 11.: Changes to DT caused by inserting a set of points .S into P.

(a) letter “X”  (b) border of France

Figure 12.: In the experiments, the points in P (dots) are drawn from two non-convex
shapes (gray regions): (a) shape of letter “X” and (b) shape of French border. The
x-shapes of the above points are depicted by the polygons in solid line.

(a) S inside x(P, A) (b) S inside conv(P) and outside x (P, A) (c) S outside conv(P)

Figure 13.: Relationship between the speed-up factor and the number of points in P,
under different X" values (differently colored lines) and different regions to draw S ((a):
S inside x (P, \), (b): S inside conv(P) and outside x (P, A), (c): S outside conv(P)) for
the shape of letter “X”.

(a) S inside x(P, A) (b) S inside conv(P) and outside x (P, A\) (c) S outside conv(P)

Figure 14.: Relationship between the speed-up factor and the number of points in P,
under different A\’ values (differently colored lines) and different regions to draw S ((a):
S inside x(P, A), (b): S inside conv(P) and outside x(P, A), (c): S outside conv(P)) for
the shape of French border.

Figure 15.: Four non-convex regions of the shape of letter “X”.

Figure 16.: Relationship between the speed-up factor and the number of points in S.
Points in S were drawn from Region 1 (dashed line), Regions 1 & 2 (thinner solid line),
and Regions 1 — 4 (thicker solid line) in Figure 15.
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